Introduction
In this paper, all groups are finite. Exercise 6 in Chapter 10 of [1] asks the reader to consider a group G such that every element of G is of the form (x i )α j for suitable i, j, where α is a fixed-point-free automorphism of G and x is a fixed element of G. The exercise prompts the reader to prove that G is nilpotent, the Sylow subgroups of G are abelian, and thus allowing the reader to conclude that G is abelian. Motivated by this exercise, we remove the condition that the automorphism is fixed-point-free and propose the following definition. Definition 1.1. A group G is twisted cyclic if there exist φ ∈ Aut(G) and x ∈ G such that G = {(x i )φ j :
i, j ∈ Z}. In this case, we also say G is twisted cyclic by φ.
For example, the group Z 2 × Z 2 is twisted cyclic by the automorphism φ : Z 2 × Z 2 → Z 2 × Z 2 defined by
(1)φ = 1, (x)φ = y, (y)φ = xy, and (xy)φ = x. The quaternion group Q 8 is another example of a twisted cyclic group. In this case, the automorphism φ : Q 8 → Q 8 defined by (i)φ = j, (j)φ = k, (k)φ = i, (1)φ = 1, and (−1)φ = −1 will establish the result. We aim to characterize all finite groups G satisfying this property. In particular, we prove Theorem 1.1.
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Neil Flowers -Thomas Wakefield Theorem 1.1. Let G be a twisted cyclic group. Then G is isomorphic to Z p n , Z p × Z p × · · · × Z p , Q 8 , Z p n × Z p n or direct products of these groups for some prime p and some n ∈ Z + .
We begin by establishing several results concerning twisted cyclic groups.
Preliminary Results
In this section we establish some properties of twisted cyclic groups. Many will be used to establish Theorem 1.1. In Chapter 2, Theorem 1.1 of [1] , we find the following result.
Lemma 2.1. Let G be a group, φ ∈ Aut(G) and N ¢ G be φ-invariant and define φ ∈ Aut(G/N ) = Aut(G) by (g)φ = (g)φ for all g ∈ G. Then φ ∈ Aut(G) and is called the automorphism induced by φ.
Note that we denote φ and the automorphism induced by φ with the same symbol when context is clear and G = G/N . We leave the proof of the next lemma as an exercise.
Proposition 2.1. Let G be a cyclic group. Then G is twisted cyclic.
Thus G is twisted cyclic by φ, the identity map.
Proof. Since G is twisted cyclic by φ, there exists
Consider the automorphism induced by φ given in Lemma 2.1. Let g ∈ G. Then g ∈ G and so there exist
Thus G = {(x i )φ j : i, j ∈ Z} and so G is twisted cyclic by the induced map φ.
H is cyclic and therefore H is twisted cyclic by Proposition 2.1. Assume H = 1. Let (x i )φ j ∈ H so that i + j is minimal and i, j both nonnegative. We claim that
Since H is φ-invariant and
there exist q i , r i such that r = iq 1 + r 1 and s = jq 2 + r 2 , 0 ≤ r 1 < i and 0 ≤ r 2 < j. Thus
Thus, by the minimality of i + j, r 1 + r 2 = 0
Proposition 2.4. Let G be twisted cyclic by φ. Then φ acts transitively on the cyclic subgroups of G of order n for all n ∈ Z + .
Proof. Let y 1 , y 2 ∈ G such that |y 1 | = |y 2 | = n. Since G is twisted cyclic by φ, there exists
Since x is cyclic, we get
Therefore φ acts transitively on the cyclic subgroups of G of order n.
Proposition 2.5. Let G be a group and φ ∈ Aut(G) such that G is twisted cyclic by φ and H ≤ G be φ-invariant. If n ∈ Z + and h ∈ H such that |h| = n, then H contains all the elements of order n in G.
Proposition 2.6. Let G be a twisted cyclic group. Then G is nilpotent.
Proof. Let G be a counterexample such that |G| is minimal. Since G is twisted cyclic, there exist φ ∈ Aut(G) and
Then q is a p-element and, as P is φ-invariant and is a p-group, by Proposition 2.5, we get q ∈ P . Hence Q ≤ P and therefore P = Q. Since G has only one Sylow p-subgroup, we get P ¢ G and therefore G is nilpotent, a contradiction.
As twisted cyclic groups are nilpotent, to know their structure, it is enough to know the structure of their Sylow subgroups. We are ready to prove Theorem 1.1.
Proof of Theorem 1.1
Before proceeding with the proof of Theorem 1.1, we state some useful lemmas. The first result can be found Lemma 3.1. Let P be a p-group. Then the factor group P/Φ(P ) is elementary abelian. Furthermore, P is an elementary abelian p-group if and only if Φ(P ) = 1.
We are now ready to establish Theorem 1.1.
Z p n × Z p n or direct products of these groups for some prime p and some n ∈ Z + .
Proof. To prove Theorem 1.1, we proceed by cases, again examining when C G (φ) = 1 and C G (φ) = 1 separately.
Case 1: First suppose C G (φ) = 1. Let p be a prime divisor of |C G (φ)|. By Cauchy's Theorem, there exists
Since G is nilpotent, P ¢ G and, by Sylow's Theorem, z ≤ P . Since P ∈ Syl p (G) and P ¢ G, we have that P char G. Thus P is φ-invariant and P is twisted cyclic by
, z is a φ-invariant cyclic subgroup of P of order p. By Proposition 2.4, φ i acts transitively on the cyclic subgroups of P of order p. Therefore, P has a unique cyclic subgroup of order p.
by Result 9.7.3 of [3] . If P ∼ = Q 2 n and n = 3, we get P ∼ = Q 8 . If n > 3, then P has a normal cyclic subgroup of order 4 and a non-normal cyclic subgroup of order 4, namely x 2 n−3
and y . This is a contradiction since φ i ∈ Aut(P ) and φ i acts transitively on the cyclic subgroups of P of order 4.
Case 2: Now suppose C G (φ) = 1. Let p ∈ π(G). Since G is nilpotent, there exists P ∈ Syl p (G) such that P is φ-invariant. By Proposition 2.3, there exists k ∈ Z such that P is twisted cyclic by φ k . Let exp(P ) = p e and
Claim 1: P i \P i−1 = {g ∈ P | |g| = p i }, φ acts irreducibly on P i = P i /P i−1 and P i is an elementary abelian
and g
Hence, we get g ∈ P i−1 , a contradiction. Therefore |g| = p i and so P i \P i−1 ⊆ {g ∈ P | |g| = p i }.
such that A is φ-invariant and 1 = a ∈ A. Then P i−1 ≤ A ≤ P i and a ∈ A\P i−1 . Thus |a| = p i . Since A is φ-invariant, A is φ-invariant and therefore A is φ i -invariant. By Proposition 2.5, A contains all the elements of P of order p i . Thus A ⊇ P i \P i−1 and so A = P i . But then A = P i . Now Φ(P i ) char P i and so Φ(P i ) is φ-invariant. Since φ acts irreducibly on P i , Φ(P i ) = 1. Hence, by Lemma 3.1, P i is an elementary abelian p-group.
To establish this result, we proceed by induction on i.
and so P 1 is cyclic.
Let i ≥ 2 and suppose |P i | = p. Let P = P/P i−2 , a ∈ P i \P i−1 and 1 = b ∈ Ω 1 (Z( P i )). But Ω 1 (Z( P i )) char P i and so Ω 1 (Z( P i )) is φ-invariant. Since φ acts irreducibly on P i−1 = P i−1 , we obtain
As |P i | = p and a = 1, we get P i = a . But then P i = a, P i−1 = a P i−1 and therefore
We next show Φ( P i ) = a p . Since a is abelian, we know a p ¢ a . Also,
is a quotient of a P i−1
. But a P i−1
we get P i is abelian and so P i = 1. Since P i is a p-group, P i = a P i−1 , P i−1 ≤ Z( P i ), and P i−1 is an elementary abelian p-group, we obtain Φ( P i ) = a p from Lemma 3.3.
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Since a ∈ P i , we get a p ∈ P i−1 and therefore a p ∈ P i−1 . Hence Φ( P i ) = a p ≤ P i−1 = P i−1 . But Φ( P i ) char P i and P i is φ-invariant implies Φ( P i ) is φ-invariant. Since φ acts irreducibly on P i−1 , Φ( P i ) = P i−1 .
Hence a p 2 = 1, and so
Therefore by induction, P i−1 is cyclic. Let g ∈ P i−1 . Then g p i−1 = 1 and so |g| ≤ p i−1 . Since a ∈ P i \P i−1 , we have |a| = p i and therefore |a p | = p i−1 . Thus |a p | ≥ |g|, a p ∈ P i−1 and P i−1 is cyclic. Hence P i−1 = a p and
Claim 3: If there exists 1 ≤ i ≤ e such that |P i | = p, then P is cyclic.
Let i be maximal such that |P i | = p. If i = e, then |P e | = p and so by Claim 2, P e is cyclic. But then P = P e is cyclic. Therefore, we may assume i = e. Let P = P/P i−1 and a ∈ P i+1 \P i . If a p = 1, then a p ∈ P i−1 . Hence
and so we get a ∈ P i , a contradiction. Thus a p = 1 and so Φ( P i+1 ) = 1 by Lemma 3.3.
If P i+1 is abelian, let x ∈ P i+1 . Then x p ∈ P i and so x p 2 ∈ P i−1 . Thus x p 2 = 1 and so exp( P i+1 ) ≤ p 2 . If exp( P i+1 ) = p, then x p = 1 and therefore x p ∈ P i−1 for every x ∈ P i+1 . Hence 1 = (x p )
for all x ∈ P i+1 . Thus P i+1 ≤ P i and therefore P i+1 = P i . But then we get i = e, which is a contradiction.
Thus exp( P i+1 ) = p forcing exp( P i+1 ) = p 2 .
As shown in Claim 2, 1 = Φ( P i+1 ) ≤ P i and Φ( P i+1 ) is φ-invariant. Since φ acts irreducibly on P i = P i , we get Φ( P i+1 ) = P i ∼ = Z p . As P i+1 is twisted cyclic and Φ( P i+1 ) is φ-invariant, P i+1 has a unique subgroup of order p. Hence P i+1 ∼ = Z p n or P i+1 ∼ = Q 2 n . Since P i+1 is abelian, we get P i+1 ∼ = Z p n is cyclic and has exponent p 2 . Therefore, since exp(
Hence |Pi+1| |Pi| = p and so |P i+1 | = p. This contradicts the maximality of i. Thus P i+1 is not abelian. Repeating the argument from above, we conclude P i+1 ∼ = Q 2 n . Since P i+1 is twisted cyclic, we get P i+1 ∼ = Q 8 . Now C P (φ) ≤ C G (φ) = 1 and so C P (φ) = 1. Thus C P (φ) = 1. Now
If e = 1, then P ∼ = P/1 = P e /P 0 = P e /P e−1 = P e is an elementary abelian p-group. Also, if |P i | = 1, then P i is cyclic and so P is cyclic. So, without loss of generality, e ≥ 2 and |P i | ≥ 2 for all 1 ≤ i ≤ e. If there exists
Let 2 ≤ i ≤ e and P = P/P i−2 . Then the p-group α acts on the p-group P i . Hence 1 = C Pi ( α ) ≤ P i and
Since φ acts irreducibly on P i , we get P i = C Pi ( α ). Hence, [P i , α] = 1 and therefore
commutes with x and α, we have [
Claim 5:
Let i ≥ 2 and P = P/P i−2 . By Proposition 2.2, since P is twisted cyclic, we have P is twisted cyclic. By
on the cyclic subgroups of P i of order p 2 . Thus so does φ . Now the number of cyclic subgroups of P i of order p 2 is
On the other hand, the number of cyclic subgroups of P i of order p 2 can be found by exploiting the transitivity of the action of φ on P i to be
which is equal to 1 or p.
cyclic. Hence, without loss of generality, we may assume that
Then we get ||P i−1 |/p| p = p and so
φ-invariant. Since φ acts irreducibly on the normal series P = P e P e−1 P e−2 · · · P 1 P 0 = 1, we know that φ acts irreducibly on the normal series P = P e P e−1 P e−2 · · · P 1 P 0 = 1. Hence
the mapping θ is a homomorphism. Also P i−1 = [ P i , α] implies θ is onto. Moreover, ker θ = C Pi (α). Hence, by the First and Second Isomorphism Theorems,
Thus
Claim 6: P is abelian.
Suppose P is not abelian. Then there exists 1 ≤ i ≤ e such that i is minimal with respect to the property of P i being not abelian. Now P i /P i−1 is abelian and so P i ≤ P i−1 . Now P i−2 ≤ P i P i−2 ≤ P i−1 and P i P i−2 is φ-invariant. Since φ acts irreducibly on P i−1 /P i−2 , we get P i−2 = P i P i−2 or P i−1 = P i P i−2 . Thus P i ≤ P i−2
Since P i is not abelian and P 0 = 1, there exists 1 ≤ j ≤ i − 1 such that
Since P i is nilpotent, we get j < i. Let 1 ≤ k ≤ e be minimal such that
But [P i , P k−1 ] is φ-invariant, and so [P i , P k−1 ] = 1 since φ acts irreducibly on P j . If k < i, then k ≤ i − 1 and so P k ≤ P i−1 . But P i−1 is abelian by the minimality of i. Thus [P i−1 , P k ] = 1 and so
Therefore, since φ acts irreducibly on P j , we have
there exist x, y ∈ P i such that x p , y p ∈ P i−1 and P i = x, y P i−1 . Let q = p i−k .
Then x q = x p i−k ∈ P k and y q ∈ P k . Also (x q ) p = (x p i−k ) p = x p i−k+1 ∈ P k−1 and (y q ) p ∈ P k−1 . Since P k /P k−1 ∼ = Z p × Z p , we get P k = x q , y q P k−1 . Since j < k, j ≤ k − 1. Thus P j ≤ P k−1 and so P i = P j ≤ P k−1 .
Thus P i /P k−1 is abelian. Hence there exists z ∈ P k−1 such that (xy) q z = But since j ≤ i − 1 < i, P j ≤ P i−1 ≤ P i and P i = P j , the quotient P i /P i−1 is abelian. Therefore there exists z 1 ∈ P i−1 such that x y = z 1 x. Twisted Cyclic Groups 9 is cyclic. Hence we get P is cyclic, which is a contradiction. Therefore P is abelian.
But then if P is non-cyclic, non-elementary, and is not isomorphic to Q 8 , since P i /P i−1 ∼ = Z p × Z p for all 0 ≤ i ≤ e, we get P ∼ = Z p n × Z p n for some n ∈ Z + . Thus, since G is nilpotent, we get G is isomorphic to Z p n , Z p × Z p × · · · × Z p , Q 8 , Z p n × Z p n or direct products of these groups for some prime p and some n ∈ Z + .
